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Presentation Overview

@ Setup and Notation

@® Extending Serre’s equidistribution result to SPV(N, x)

© A Surprise!
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® Sk(N, x): cusp forms of weight k, level N, character .
® SPV(N,x) € Sk(N, x): the new subspace.

® For pt N, define the normalized Hecke operator
TRV (N, k, x) = x(p) /2~ D RTRV (N, K, ).

® This normalization places every eigenvalue in [—2,2].
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Determine the asymptotic distribution of the eigenvalues of ?;eW(N, k, x)-

Fix N, k, let p — o0

® Eigenvalues of ﬁ‘;ew(N, k) are normalized Fourier coefficients ar(p).

® For non-CM newforms, these eigenvalues/Fourier coefficients tend to
the Sato-Tate distribution dpue = (1 — x?/4)1/2 dx.

e For CM newforms, ducy = (%5o(x) + %(1 = x2/4)_1/2) dx.

Fix p, let N+ k — oo

p+l_ (1-x2/4)'/? > dx equidistribution for Si(N).

® Serre proved dyp, = T pV4p 2P
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Determine the asymptotic distribution of the eigenvalues of ?;eW(N, k, x)-

Fix N, k, let p — o0

® Eigenvalues of ﬁ‘;ew(N, k) are normalized Fourier coefficients ar(p).

® For non-CM newforms, these eigenvalues/Fourier coefficients tend to
the Sato-Tate distribution dpue = (1 — x?/4)1/2 dx.

e For CM newforms, ducy = (%5o(x) + %(1 = x2/4)_1/2) dx.

Fix p, let N+ k — oo

%%dx equidistribution for Si(N).

® He notes that the same argument also works for two variations:

® Serre proved dyp, =

® Non-trivial characters Sx(N, x).
® The newspace Spe¥(N).

o But what about SV(N, x)???
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Step #1: Reduce to Chebyshev polynomials

We want to show that the eigenvalues of ?;eW(N, k,x) are dpup
equidistributed over [-2,2] as N + k — oo. l.e. for all g € C[-2,2],

1
T cnew ) — x)d N+ k .
dm S (N,Y) Z / )dpp(x) as +k — o0
Aeeigv Tp(N,k,x
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Step #1: Reduce to Chebyshev polynomials

We want to show that the eigenvalues of ?SGW(N, k,x) are dpup
equidistributed over [-2,2] as N + k — oo. l.e. for all g € C[-2,2],

1
T cnew ) — x)d N+ k .
dm S (N,Y) Z / )dpp(x) as +k — o0
Aeeigv Tp(N,k,x

It suffices to show the above identity for any basis of polynomials.

Let Xn(x) := Un(x/2) denote the Chebyshev polynomials over [—2,2].

1 2
_— Xn(A) — Xn(x)d .
Aeeigv Tp(N,k,x)
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Step #2: Evaluate the RHS of (x).

2
[ Xa0dil) = 110 o772
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Step #2: Evaluate the RHS of (x).

2
/  Xa()dnp(x) = Loy o2

Using the generating function definition for Xx(x), one can calculate that
pt+l__ (1-x?/4)1/2
ZX Vipp /2 = (P P2 dpp(X)
KV T2l L1 —x2/B12  dpee(x)




Step #2: Evaluate the RHS of (x).

2
[ Xa0dil) = 110 o772

Proof.

Using the generating function definition for Xx(x), one can calculate that

pHl_ (1-x2/a)l/2

o0 _ e e dup(x)
Xk (x) 1o p k/2 — (e = :
;) (2216 11-x2/4)12  dpuso(x)

o0

2 B 2 2
So [ Xa()dnplo) = [ Xlt) Y- X))
- k=0

0 2
= Z ]12|kp*k/2 /2Xn(x)Xk(x)d,uoo(x) = ]lz|,,p*"/2.
k=0 -

) ’
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Step #3: Evaluate the LHS of (x)

The classical recurrence relation for the Tpn is identical to the defining
recurrence relation for the Chebyshev polynomials:

~

Ty =1d, Xo(x) =1,
T = Tp, Xi1(x) = x,
Tpn+1 = Tp Tpn — Tpn—l, X,H_]_(X) = XX,,(X) — Xn_l(X).
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Step #3: Evaluate the LHS of (x)

The classical recurrence relation for the Tpn is identical to the defining
recurrence relation for the Chebyshev polynomials:

~

T =1d, Xo(x) =1,
To=Tp,

Xi1(x) = x,
Tonir = Tp Tpn — Tpot, Xps1(x) = x Xn(x) = Xp_1(x).
This means that the LHS of (x) is equal to

1
L[HS= ——+——— Xn(A
> dim Sp°V(N, x) Z (V)
Aeeigv Tp(N,k,x)
1

- - A
dim SPV(N, x Z
k ( ) Aeeigv Xn(Tp(N,k,x))
T TN (N, K, X)

CTr TRV(NL K, x)
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Step #4: Trace Estimate

1 2
sy L 0= [ st ()
Aeeigy Tp(N,k,x)
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Step #4: Trace Estimate

1 2
sy L 0= [ st ()
Aeeigy Tp(N,k,x)

Tr T2(N, k, X

= ) — Ly,p ™% as N+ k — oo
Tr T{‘ew(N, k,x)
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Step #4: Trace Estimate

1 2
Ty X ) [ Xldi(. ()

A€eigv TP(N k,x)
Tr T2EV(N, k, x

) —n/2
Tr TfeW(N, k,x)

as N+ k — oo.

— ]12|np

This follows from the following trace estimate, completing the proof.

Trace estimate

i f;eW(N7 k?X) \r;mD k — QpneW( )+ O<N1/2+5) 7

new N l1—¢
where f=1(x) and P (N) > —— 250 > N-TE
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Pop Quiz

® This will test your intuition regarding how large various spaces of
modular forms are.

® There are four True/False questions.

® Everyone has to participate.
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® Consider integers N > 1 and integers k > 2 even.
T/F: dim S(Fo(N)) — 0o as N + k — oc.
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® Consider integers N > 1 and integers k > 2 even.
True: dim Sk(Fo(N)) — o0 as N + k — oo.

® Consider integers N > 1, integers k > 2, and x Dirichlet characters
modulo N such that y(—1) = (—1).
True: dim Sx(Fo(N), x) — 00 as N + k — oo.

® Consider integers N > 1 and integers k > 2 even.
True: dim SV (To(N)) — o0 as N + k — oo.

® Consider integers N > 1, integers k > 2, and x Dirichlet characters
modulo N such that y(—1) = (—1).
False: dim SPV(T'o(N), x) — oo as N + k — oo.

This is quite surprising!
dim SpV(Fo(N), x) does not necessarily tend to oo as N + k — oo.
It turns out that dim Sp°V(I'o(N), x) = 0 whenever 2 | f(x), 2 || N/f(x).
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An extra condition

In fact, the trace estimate from earlier actually should be:

Trace estimate

Ip=o k—1

Jm 12 Y

where f = f(x). Moreover, Y3V (N) >
the case that 2 | f, 2 || N/f.

Tr The (N, k,x) = P (N) + O (N2,

200 > N'7¢ whenever it is not

This was not known at the time Serre published his original paper. This
missing tool was the reason Serre did not extend his result to SP°V(N, x).
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An extra condition

In fact, the trace estimate from earlier actually should be:

~ I k—1
Tr Toe (N, b, x) = —72= == Y= (N) + O (NY/2+2),
vm 12
new N 1—¢ 0. o
where f = f(x). Moreover, ¥¢*V(N) > —— > N*~° whenever it is not

4w(N)
the case that 2 | f, 2 || N/f.

This was not known at the time Serre published his original paper. This
missing tool was the reason Serre did not extend his result to SP°V(N, x).

Assuming it is not the case that 2 | f(x), 2 || N/f(x); the eigenvalues of
ToY (N, k, x) are dup-equidistributed over [~2,2] as N + k — oo.
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Trace estimate condition

N
e (N) > whenever it is not the case that 2 | f, 2 || N/f.
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Trace estimate condition

N
e (N) > whenever it is not the case that 2 | f, 2 || N/f.

One can calculate that 2V (N) = (f) - Bxpe(N/f), where ¢ and B¢
are the multiplicative functions

Y(p")=p" (1 + ;) ,

Bxap(p") = = =
p 12+[[1ﬂr>2> if p|f.
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Trace estimate condition

N
PV (N) > whenever it is not the case that 2 | f, 2 || N/f.

One can calculate that 2V (N) = (f) - Bxpe(N/f), where ¢ and B¢
are the multiplicative functions

Y(p")=p" (1 + ;) :
setrtoy =47 S -2 3] ,23) fptf,
d 1‘2)+[[1]]r>2> ifp|f.

1

1
And |1—- = — Hzﬂ + |[3]] > —  for all prime powers p",
P Pl r>2 P71 >3 4
2 1
38
p Pl r>2
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The End
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